Decentred Optical Axes and Aberrations Along Principal Visual Field Meridians by Charman, Neil & Atchison, David
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
QUT Digital Repository:  
http://eprints.qut.edu.au/ 
 
Charman, W. Neil and Atchison, David A. (2009) Decentred optical axes and 
aberrations along principal visual field meridians. Vision Research, 49(14). pp. 
1869-1876. 
           
     ©  Copyright 2009 Elsevier 
 1
Decentred optical axes and aberrations along principal visual field 
meridians  
 
W. Neil Charmana, DSc, and David A. Atchisonb*, DSc  
 
aFaculty of Life Sciences, Moffat Building, University of Manchester, Manchester M60 1QD, 
UK  
bSchool of Optometry and Institute of Health and Biomedical Innovation, Queensland 
University of Technology, Kelvin Grove 4059 Q, Australia 
*Corresponding author. Tel +61-7-3138-6512; fax: +61-7-3138-6030. 
E-mail address; d.atchison@qut.edu.au (D.A. Atchison) 
 2
 Abstract 
 
Suggestions that peripheral imagery may affect the development of refractive error have led 
to interest in the variation in refraction and aberration across the visual field. It is shown that, 
if the optical system of the eye is rotationally symmetric about an optical axis which does not 
coincide with the visual axis, measurements of refraction and aberration made along the 
horizontal and vertical meridians of the visual field will show asymmetry about the visual 
axis. The departures from symmetry are modelled for second-order aberrations, refractive 
components and third-order coma. These theoretical results are compared with practical 
measurements from the literature. The experimental data support the concept that departures 
from symmetry about the visual axis in the measurements of crossed-cylinder astigmatism J45 
and J180 are largely explicable in terms of a decentred optical axis.  Measurements of the 
mean sphere M suggest, however, that the retinal curvature must differ in the horizontal and 
vertical meridians.       
 
Keywords: aberrations; asymmetry; astigmatism; optical axis; peripheral refraction; visual 
field  
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1. Introduction 
 
The suggestion that refraction in the peripheral field might influence the development of axial 
refractive error (Hoogerheide, Rempt, & Hoogenboom, 1971; Seidemann, Schaeffel, Guirao, 
Lopez-Gil, & Artal, 2002; Stone & Flitcroft, 2004; Wallman & Winawer, 2004; Charman, 
2005) has increased interest in its measurement. The majority of studies of peripheral 
refraction have been confined to the horizontal field meridian of the eye (Atchison & Smith, 
2000; Gustafsson, Terenius, Buchheister, & Unsbo, 2001; Atchison, Scott, & Charman, 2003; 
Calver, Radhakrishnan, Osuobeni, & O'Leary, 2007; Lundström, Gustafsson, Mira-Agudelo, 
Unsbo, & Artal, 2009). Only a few investigations have measured refraction over both the 
horizontal and vertical meridians (Atchison, Pritchard, & Schmid, 2006), and even fewer 
across a more extended two-dimensional field (Seidemann et al., 2002; Mathur, Atchison, & 
Scott, 2008).  More recent investigations have been extended to include measurements of 
higher-order aberrations (Navarro, Moreno, & Dorronsoro, 1998; Guirao & Artal, 1999; 
Atchison & Scott, 2002; Atchison, 2004a; Atchison & Markwell, 2008; Mathur et al., 2008; 
Lundström et al., 2009). One important goal of this work has been to explore the symmetry 
characteristics of the optical properties across the field and to attempt to interpret these in 
terms of the optical structure of the eye and the shape and position of the retinal surface.  
 
The question arises as to whether, when measurements are made at a limited number of field 
locations, in particular along the horizontal and vertical meridians, a misleading impression 
might be given of the symmetry of the optics and shape of the eye.  
 
 4
Let us suppose first that the eye is a centred optical system, with the centres of curvature of 
all optical surfaces and of the retina lying on a common optical axis, and the pupil centre and 
fovea also lying on this axis.  The optical properties and aberrations such as oblique 
astigmatism and coma would then show rotational symmetry about that axis, which would 
correspond to the centre of the visual field. If, however, the fovea did not lie on the optical 
axis, the optical properties would no longer be symmetrical about the visual field centre.  In 
an eye where the fovea lay on the optical axis, but the retina was not a surface of revolution 
about this axis, the spherical component of refraction would lack rotational symmetry, 
although other aberrations would be almost unaffected. 
 
In reality, although its definition is complicated by various small asymmetries, tilts and 
decentrations in the optical components, there is substantial evidence that orientation of the 
approximate “optical axis” usually differs by a few degrees (Duke–Elder & Abrams, 1970; 
Atchison & Smith, 2000) from the visual axis and the line of sight, which pass through the 
fovea. The angle between the optical axis and the visual axis is called angle alpha. The 
optical axis is typically displaced by about 5 degrees temporally with respect to the centre of 
the visual field (Rabbetts, 2007). Thus measurements of aberrations made along the 
horizontal and vertical meridians of the visual field do not necessarily include data for the 
field point corresponding to the optical axis. This will affect their symmetry characteristics 
with respect to the foveal values. For example, it has long been known that measurements of 
ocular astigmatism along the horizontal meridian usually show approximate symmetry about 
a point some 5 degrees temporal to the visual axis, rather than about the axis (Lotmar & 
Lotmar, 1974; Jennings & Charman, 1978; Dunne, Misson, White, & Barnes, 1993; 
Gustafsson et al., 2001) (Lotmar & Lotmar, 1974; Jennings & Charman, 1978; Dunne et al., 
1993; Gustafsson et al., 2001).  
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This paper tries to establish in more detail how decentration (tilt) of the optical axis with 
respect to the visual axis might affect measurements of refraction and aberration along the 
horizontal and vertical field meridians of an eye possessing rotational symmetry about the 
optical axis. In the analysis it will be assumed that the appropriate Zernike coefficients vary 
either linearly or parabolically with angular distance from the optical axis, although extension 
to other forms of angular dependence is straightforward.  Linear and parabolic dependencies 
were chosen for simplicity and because such relationships are predicted by simple aberration 
theory for coma and astigmatism respectively (e.g. Born and Wolf, 1993; Welford, 1986). 
The theoretical results will then be compared with practical measurements from the literature, 
in an attempt to clarify the origins of any observed asymmetries, in particular whether they 
are simply manifestations of a lack of coincidence between the visual and optical axes or, for 
example, indicate a departure from rotational symmetry in the shape of the retina which 
primarily manifests itself by its effect on the spherical component of refraction across the 
field. 
 
2. Theory 
 
2.1 The basic situation 
 
The basic situation is shown in Fig. 1. The heavy lines represent the horizontal (x) and 
vertical (y) meridians of the visual field, centred on the fovea at (0, 0). The optical axis 
corresponds to a field angle (A, B), so that the angular radial distance r of the field point (x, y) 
from the optical axis is given by 22 )()( ByAxr  . Thus if the variation of any 
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particular aberration with position in the field is of the form f(r), this is equivalent to 
 22 )()( ByAxf  . 
 
2.2 Defocus and higher-order Zernike coefficients of zero angular frequency 
 
Here, for coefficients like 02C , 
0
4C ,
0
6C etc, we are concerned only with magnitude of the 
aberration as a function of the field angle r measured with respect to the optical axis. Let us 
suppose that the aberration coefficient varies either linearly or parabolically with r, and that 
the aberration is zero on the optical axis. We can then tabulate the general form of the 
variation across the visual field, and the variation along the horizontal (y = 0) and vertical (x 
= 0) meridians, as shown in Table 1, where k1 and k2 are constants. 
 
Note that when measured along the horizontal and vertical meridians the coefficients have 
non-zero extreme values at x = A and y = B, respectively.  
 
As illustrations of the effects of these misalignments of axes, Fig. 2 shows the relative 
variation in the measured coefficients across the horizontal meridian when A takes some 
values lying in the range -8 to 0 degrees and B is in the range -2 to 0 degrees. 
 
It can be seen (Fig. 2a) that, unless A and B are both zero, the variation that is linear with the 
magnitude of the field angle with respect to the optical axis appears as non-linear variations 
along the horizontal and vertical field meridians, although the departure from linearity is 
modest for the small values of A and B that are likely to be found in practice.  The variation 
in each meridian remains symmetrical about its extreme value. These values are k1B along the 
horizontal meridian and k1A along the vertical meridian. In the horizontal meridian, illustrated 
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in Fig. 2a, the flattening of each curve around its extreme value increases with the vertical 
displacement B of the optical axis. In the case of variation along the vertical field meridian 
(not shown), it is the horizontal displacement from the optical axis that controls the flattening. 
 
If the variation in the aberration is a parabolic function of the angular distance from the 
optical axis, the shape of this parabolic variation remains unchanged as a result of differences 
between the optical and visual axes (Fig. 2b) but the extreme values along the horizontal and 
vertical field meridians are again displaced to x = A and y = B respectively, where they take 
values proportional to B2 and A2. 
 
Since the mean spherical equivalent correction M is a linear combination of the coefficients 
0
2C , 
0
4C ,
0
6C … (Atchison, 2004b), its behaviour across the field can be deduced from the way 
in which the individual coefficients vary. 
 
2.3 Second-order astigmatism 22
C , 22C  
 
It is evident that, as with all the Zernike coefficients of non-zero angular frequency, we need 
to consider not only the magnitude of these coefficients but also the angular characteristics of 
the relevant polynomials. It is helpful to start by combining the coefficients into a single 
vector coefficient in the way suggested by Campbell (2003). In the general case, the 
coefficients mnC
 and mnC are replaced by a single coefficient of magnitude nmC oriented at 
angle nm , where 
 22 )()( mn
m
nnm CCC    
mCC mn
m
nnm /)]/[arctan(
  
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For second-order astigmatism 
22
2
22
222 )()( CCC    
2/)]/[arctan( 22
2
222 CC
  
 
Since we are concerned with the case where the aberrations, including astigmatism, are 
assumed to be symmetrical about the optical axis, the angle 22  must correspond to the angle 
 in Fig. 1, 
i.e.  
 = 22 = arctan[(y - B)/(x - A)]                               (1) 
Note that we may write for the individual coefficients 
2222222222
2
2 cossin22sin  CCC       (2) 
)sin(cos2cos 22
2
22
2
222222
2
2   CCC      (3) 
 
We now again suppose that the magnitude of the astigmatism coefficient, C22, varies either 
linearly or parabolically with angular distance from the optical axis. Evidently its magnitude 
across the visual field is described by the same expressions as those in Table 1, except that 
the constants k3 and k4 will be different.  
 
In the case of linear variation in C22, we therefore have for the 45/135 crossed cylinder 
astigmatism coefficient (using the properties of  = θ22 from Fig. 1) and equations (1) and 
(2): 
(4)                                             )()(/))((2       
])()/[())(()()(2       
cossin2
22
3
2222
3
222222
2
2
ByAxByAxk
ByAxByAxByAxk
CC


 
  
where k3 is a constant. For the 90/180 astigmatism coefficient, from (1) and (3): 
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(5)                                     )()(/])()[(       
])()/[(])()[()()(       
)sin(cos
2222
3
222222
3
22
2
22
2
22
2
2
ByAxByAxk
ByAxByAxByAxk
CC


 
 
Along the horizontal and vertical meridians we find the expressions in Table 2. 
 
Fig. 3 shows the variation of the relative values of 22
C and 22C  along the horizontal meridian 
for some plausible combinations of A and B. Note that the relative value of 22
C is zero when 
x = A and is asymptotic to + 2B for large negative field angles and to –2B for large positive 
field angles. Along the horizontal visual field meridian, 22C  has an extreme value of –k3B 
when x = A. As would be expected in the case where A = 0, B = 0, 22
C  is always zero along 
the horizontal meridian. Analogous effects occur along the vertical meridian with the roles of 
A and B interchanged. 
 
If the variation in C22 is parabolic, with a constant k4, we can again substitute for the 
combined coefficient C22 using appropriate general expressions from Table 1 and for the 
values of sin and cos to obtain: 
(6)                                                                                 ))((2       
])()/[())(]()()[(2       
cossin2
4
2222
4
222222
2
2
ByAxk
ByAxByAxByAxk
CC


 
 
(7)                                                                       ])()[(       
])()/[(])()][()()[(       
)sin(cos
22
4
222222
4
22
2
22
2
22
2
2
ByAxk
ByAxByAxByAxk
CC


 
 
Tabulating the variation in the coefficients along the horizontal and vertical meridians of the 
visual field gives the expressions shown in Table 3. 
 
 10
Some corresponding plots for the relative variation over the horizontal meridian of the central 
field are shown in Fig. 4. Note that the variation in 22
C  is linear, with an intercept of A and a 
slope of -2B. In the case of 22C  the variation remains parabolic, although the extreme value of 
-B2 occurs when x = A. 
 
It is interesting to note that very similar effects occur when J45 and J180 are measured. While 
these astigmatic components of the refractive correction can be deduced from the Zernike 
aberration coefficients, it is simpler to consider their behaviour in terms of the corresponding 
cylindrical correction C x . If we have symmetry about the optical axis, the cylinder axis 
will always be oriented towards this axis. We then have 
J45 = -(C/2)sin(2) 
J180 = -(C/2)cos(2) 
These are essentially the same as equations (1) and (2), except that C22 is replaced by –(C/2) 
and  is identical to . Thus we can use Tables 2 and 3 to construct Table 4, showing the 
expressions for J45 and J180 when the variation in C about the optical axis is either linear or 
parabolic with constants k5 and k6 respectively. 
 
Note that, if only measurements along the horizontal meridian are available and the variation 
is parabolic, it is still possible to derive both A and B. For example, the measurements of J180 
can be used to find A and k6 and the slope of J45 can be divided by k6 to yield B. 
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2.5 Third-order coma 
 
In this case m = 1 and we can combine the 13
C  (vertical coma) and 13C  (horizontal coma) 
coefficients into a single vector coefficient of magnitude C31 at an angle 31, using the 
method suggested by Campbell (2003), to find: 
21
3
21
331 )()( CCC    
and  
31 = arctan ( 13C / 13C )        (8) 
As before, the magnitude of this vector will vary with angular distance from the optical axis 
and its orientation will be radial with respect to this axis, so that 31 = , where (Fig. 1) 
31 =   = arctan[(y - B)/(x - A)]      (9) 
 
 If we assume that the magnitude of the coma C31 varies either linearly or parabolically with 
angular distance from the optical axis, with constants k7 and k8, respectively, its variation 
along the horizontal and vertical meridians will, like the coefficients of zero angular 
frequency, be given by the expressions in Table 1.  However the orientation of the coma axis 
will change progressively across the visual field, with consequent effects on 13
C and 13C . 
 
Comparing equations (8) and (9), we can see that, for the linear dependence in magnitude 
(Table 1) 
)()()(/)()()(sin 7
2222
73131
1
3 BykByAxByByAxkCC    
          (10) 
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Thus, as measured along the vertical meridian, 13
C  changes linearly with y to pass through 
zero when y = B. This variation is essentially the same as the linear variation with radial field 
angle with respect to the optical axis (kr), the change of sign on either side of y = B simply 
meaning that the direction of the comatic flare flips through 180 deg at this point.  In the 
horizontal meridian (y = 0), 13
C  takes the constant value –k7B.  
 
Analogous effects occur for 13C . We can write 
)(cos 73131
1
3 AxkCC          (11) 
Thus along the vertical meridian (x = 0) 13C  remains constant at –k7A and in the horizontal 
meridian it varies linearly with x, passing through zero at x = A. 
 
If the magnitude of the coma vector 13
C varies parabolically with angular distance from the 
optical axis, its changes in magnitude along the horizontal and vertical meridians of the visual 
field will be as given in Table 1. Again, however, the orientation of the coma will vary 
according to equation (2). Thus we have for 13
C , using the expression from Table 1 and 
equation (2) 
 (12)                                                           )()()(      
)()(/)]()()[(sin
22
8
2222
83131
1
3
ByAxByk
ByAxByByAxkCC

 
 
Similarly 
)13(                                                              )()()(    
)()(/)]()()[(cos
22
8
2222
83131
1
3
ByAxAxk
ByAxAxByAxkCC

 
 
We can tabulate the various possibilities for variation along the horizontal and vertical field 
meridians as shown in Table 5. 
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Fig. 5 shows examples of how 13
C  (vertical coma) varies along the horizontal and vertical 
meridians of the visual field, when the magnitude of the total coma varies parabolically with 
distance from the optical axis. When the optical and visual axes coincide the coefficient is 
zero across the horizontal meridian but with an optical axis which is decentred both 
horizontally and vertically, the relative value of  13
C  shows an extreme value at x =A, equal 
to B2.  The variation in the vertical meridian is anti-symmetric about the point y = B, the two 
halves only being portions of a parabola when A = B = 0. 
 
3. Discussion 
 
This theoretical analysis suggests that, in cases where the optical and visual axes of the eye 
do not coincide, and aberrations and refractive components change symmetrically about the 
optical axis, measurements made along the horizontal and vertical meridians of the visual 
field will vary with the position of the optical axis. However the measurements will always 
show bilateral symmetry about a position related to the coordinates of the optical axis. 
 
 Is the basic assumption of the analysis, symmetry about an optical axis displaced from the 
visual axis, justified?  This question can only be answered by reference to practical 
measurements. Most of these data relate to the variation of the components of refraction M, 
J45 and J180 across the horizontal visual field (Gustafsson et al., 2001; Campbell, 2003; 
Atchison, Pritchard, White, & Griffiths, 2005a; Atchison et al., 2006; Calver et al., 2007; 
Atchison & Markwell, 2008) but the paper by Atchison et al. (2006) is particularly useful in 
that it gives refractive data for both the horizontal and vertical meridians of the visual field 
over the central ±35 degrees for different young, axial refractive groups. In all cases, along 
both meridians M and J180 are well fitted by parabolas and J45 is well fitted by a straight line. 
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These relationships correspond qualitatively to those predicted if both the sphere and the 
astigmatism vary parabolically about a decentred optical axis (see Tables 1 and 4). 
 
Considering first the spherical changes along the meridians, it is evident from Table 1 that the 
coefficient k2 (corresponding to the coefficient a in equation 2b of Atchison et al., 2006) 
ought to be the same in both the horizontal and vertical meridians if the spherical refraction 
possesses rotational symmetry about the optical axis. However, Fig. 6 plotted from mean data 
for each axial refractive value in Table 2 of Atchison et al. (2006), shows that this is not the 
case. As noted by Atchison et al. themselves, along the horizontal meridian the coefficient 
changes from a negative value for emmetropes (relative peripheral myopia) to a positive 
value as myopia increases (relative peripheral hyperopia). In the vertical meridian, however, 
the periphery remains relative myopic for all refractive groups.  
 
We can contrast this with the behaviour for J180 astigmatism. Here the coefficient for the 
parabolic variation is again theoretically the same in both the horizontal and vertical 
meridians for the case of rotational symmetry about an optical axis (in Atchison et al.’s Table 
2, coefficient a for their fits to the data for J180 = -k6/2 for the horizontal meridian and k6/2 for 
the vertical meridian, see Table 4). Fig. 7 shows the changes in the estimated values of k6.  
Although there are some differences between the estimates of k6 made from data for the 
horizontal and vertical meridians, it is evident that these are minor, as are any changes with 
mean spherical refraction.  Thus, unlike the mean sphere data, the J180 results indicate 
approximate symmetry about the optical axis.   
 
How can these differences in the behaviour of the spherical and astigmatic components of 
refraction be explained? The spherical equivalent M will be affected by the position of the 
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retina, whereas this has less effect on astigmatism, which depends chiefly on the optical 
components. The observed behaviour implies that, as the refraction becomes more myopic, 
the eyeball is, on average, not only lengthening but also losing its rotational symmetry about 
its axis, the retinal curvature in the vertical meridian being smaller than that in the horizontal 
meridian (Atchison, Pritchard, Schmid, Scott, Jones, & Pope, 2005b). 
 
If indeed J180 is symmetrical about the optical axis, its turning points in each meridian can be 
used to estimate of the coordinates of the orientation of the optical axis  (A = -bH, B = -bV). 
Although in principle A and B could also be derived from the data for the other refractive 
components, the parabolic fits for J180 in Table 2 of Atchison et al. (2006) have much higher 
R2 values. It can be seen (Fig. 8) that the derived axis positions cluster in the inferior 
temporal quadrant, a few degrees from the visual axis. One data point is markedly displaced, 
but this is for a refractive group (-5D) which contains only 2 subjects. The mean position of 
the optical axis, weighted for the number of subjects in each group is at (-5.6, -2.7) deg, i.e. 
slightly inferior and temporal in the visual field. 
 
It is of interest that Atchison et al. (2006) found that the slopes of their straight line fits to the 
values of J45 across the horizontal and vertical field meridians were independent of the 
refractive group. The overall mean slopes were 0.0051 D/deg for the horizontal meridian and 
0.0115 D/deg for the vertical meridian. Table 4 shows that the vertical slope for J45 divided 
by the horizontal slope should be A/B. Thus the experimental data for J45 implies that A/B = 
2.3. This is very close to the value of  -5.6/-2.7 = 2.1 derived from the turning points of the 
parabolic fits to the J180 data, so that the estimates of the ratio A/B from the two crossed-
cylinder components are consistent with one another. 
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In cases where only data across the horizontal meridian are available, independent estimates 
of A can be made from the data for M and J180. The estimates of B are more indirect: they 
depend mostly on the variations in J45 for which R2 values tend to be low. The data of 
Atchison et al. (2005a) for the astigmatic components of refraction across the horizontal field 
lead to an estimated optical axis position of about (-6, -3) degrees for young subjects and 
about (-4, -2) degrees for older subjects. The more detailed study of Atchison and Markwell 
(2008) across the horizontal meridian is interesting in that it suggests that the axis of 
symmetry moves systematically closer to the visual axis as age increases, as a result of 
changes in A, with very little difference between the two axes at ages around 65 years (Fig. 
9). Atchison and Markwell’s own regression equations, based on the data for individual 
subjects, lead to the following regression equations for the coordinates of the optical axis: 
A (from M) = 0.182age – 14.83 (p = 0.006) 
A (from J180) = 0.111age – 11.33 (p < 0.001) 
B (from J180 and J45) = -0.0344age + 2.05 (p = 0.3).  
These are quite close to those from Fig. 9 for the fits to the means for the age groups. It is 
possible that the slight discrepancies between the values of A derived from M and J180 (Fig. 9) 
could be due to the influence of retinal contour on M. However, we do not believe that the 
present data are reliable enough to draw any firm conclusions on this point. 
 
Does the position of the optical axis really change with age? In contrast to Atchison and 
Markwell (2008)’s finding of a change in the axis of symmetry for refraction data, Berrio et 
al. (2009) found no significant change in the mean value of angle kappa when comparing 
eyes of different ages.  In principle, a shift in effective optical axis with age could be caused 
by several factors.  Corneal shape change could be involved, since corneal astigmatism is 
known to change from predominantly with-the-rule in the earlier life towards against the rule 
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(see  Rabbetts, (2007) for a review).  Similarly, lenticular change could also contribute, 
possibly through variations in tilt or decentration associated with lens growth. Lastly, and less 
probably, it is possible that since pupil centration is known to vary with miosis (Walsh, 1988; 
Wilson, Campbell, & Simonet, 1992; Yang, Thompson, & Burns, 2002), some change in 
pupil centration might be associated with the reduction in pupil diameter that occurs with age 
(Winn, Whitaker, Elliott, & Phillips, 1994). At present, longitudinal data on all these factors 
are lacking. 
 
Overall, the form of the available experimental data for astigmatism can be quite well 
explained by a symmetrical optical system centred about an axis differing slightly from the 
visual axis.  
 
At the present time, there does not seem to be an ideal data set available to compare with the 
theoretical results for coma. We note, however, that Mathur et al (2008) suggest that 13
C is 
small and essentially constant across the horizontal meridian and varies linearly in the 
vertical meridian, while 13C  varies linearly in the horizontal meridian and is small but 
constant in the vertical meridian. Earlier data appear to be qualitatively compatible with these 
findings (Navarro et al., 1998; Guirao & Artal, 1999; Atchison & Scott, 2002), suggesting 
that the observed coma approximates to that expected on the linear model of equations (10) 
and (11). 
 
4. Summary 
 
It is possible to explain some observed asymmetries in the behaviour of second- and third-
order aberrations across the horizontal and vertical meridians of the visual field in terms of a 
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lack of coincidence between the visual and optical axes of the eye, amounting to a few 
degrees. However, the observed variations in the mean-sphere, M, can only be explained by 
introducing in addition a lack of rotational symmetry in the retinal surface.  
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Tables 
 
Table 1. Form of variation of the Zernike coefficients of zero angular frequency, along the 
horizontal and vertical meridians of the visual field, when the coefficients vary linearly and 
parabolically with angular distance from the optical axis. The optical axis corresponds to field 
coordinates (A, B) and k1 and k2 are constants (see text for details). 
 General form Horizontal 
meridian (y = 0) 
Vertical meridian 
(x = 0) 
Linear variation 22
1 )()( ByAxk   
 
22
1 )( BAxk   
 
22
1 )( ByAk   
 
Parabolic variation ])()[( 222 ByAxk   
 
])[( 222 BAxk   
 
])([ 222 ByAk   
 
   
 
Table 2. Expressions for the variation of  22
C  and 22C  along the horizontal and vertical 
meridians of the visual field when the magnitude of the astigmatism vector varies linearly 
with angular distance of the optical axis, which is at field coordinates (A, B). 
 2
2
C  22C  
Horizontal 
field meridian 
(y = 0) 
22
3 )(/)(2 BAxAxBk   
 
2222
3 )(/])[( BAxBAxk   
 
Vertical field 
meridian (x = 
0)  
22
3 )(/)](2 ByAByAk  22223 )(/])([ ByAByAk   
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Table 3. Expressions for the variation of 22
C  and 22C  along the horizontal and vertical 
meridians of the visual field when the magnitude of the astigmatism vector varies 
parabolically with angular distance from the optical axis, which is at field coordinates (A, B). 
 2
2
C  22C  
Horizontal field meridian (y = 0) -2Bk4(x - A) k4[(x - A)2 - B2] 
Vertical field meridian (x = 0) -2Ak4(y - B) k4[A2 -(y - B)2] 
 
 
Table 4. Expressions for the variation of J45  and J180 along the horizontal and vertical 
meridians of the visual field when the magnitude of the astigmatism vector varies either 
linearly or parabolically with angular distance from the optical axis, which is at field 
coordinates (A, B). 
 J45 J180 
Horizontal field 
meridian (y = 0), 
linear 
22
5 )(/)( BAxAxBk 
 
2222
5 )(/]))[(2/( BAxBAxk   
 
Vertical field 
meridian  
(x = 0), linear 
22
5 )(/)( ByAByAk 
 
2222
5 )(/])()[2/( ByAByAk   
 
Horizontal field 
meridian (y = 0), 
parabolic 
)(6 AxBk   
 
]))[(2/( 226 BAxk   
 
Vertical field 
meridian  
(x = 0), parabolic 
)(6 ByAk   
 
])()[2/( 226 ByAk   
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Table 5. Expressions for the variation of 13
C  and 13C  along the horizontal and vertical 
meridians of the visual field when the magnitude of the coma vector varies parabolically with 
angular distance from the optical axis, which is at field coordinates (A, B). 
 1
3
C  13C  
Horizontal field 
meridian (y = 0) 
22
8 )( BAxBk   
 
22
8 )()( BAxAxk   
 
Vertical field 
meridian (x = 0) 
22
8 )()( ByAByk   
 
22
8 )( ByAAk   
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Figure captions 
 
 
Fig.1. Relative angular positions of the visual and optical axes. It is assumed that the visual 
axis corresponds to visual field coordinates (0, 0) and that the optical axis corresponds to 
visual field position (A, B). In this and the following figures, T, N, I and S are the temporal, 
nasal, inferior and superior visual fields, respectively, and the nasal and superior visual fields 
are given positive signs. 
 
Fig. 2. Examples of the effect of angular displacement between the optical and visual axes on 
measurements of Zernike aberrations of zero angular frequency along the horizontal visual 
field meridian. The optical axis is oriented to field position (A, B) degrees and it is assumed 
that the aberration coefficient varies (a) linearly with radial angle from the optical axis and 
(b) parabolically with radial angle. The constants k1 and k2 have been set to unity. 
 
Fig. 3. Relative values of the second-order astigmatism coefficients 22
C  and 22C  across the 
horizontal visual field for the case where the optical axis is decentred to coordinates (A, B) 
having values as indicated. It is assumed that the magnitude of the astigmatism vector varies 
linearly with angular distance from the optical axis. The constant k3 has been set to unity. 
 
Fig. 4. Relative values of the second-order astigmatism coefficients 22
C and 22C across the 
horizontal visual field for the case where the optical axis is decentred to coordinates (A, B) 
having values as indicated. It is assumed that the magnitude of the astigmatism vector varies 
parabolically with angular distance from the optical axis. The constant k4 has been set to 
unity.  
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Fig. 5.  Relative values of the coefficient 13
C when measured along the (top) horizontal and 
(bottom) vertical meridians of the visual field for the case where the optical axis is decentred 
to coordinates (A, B) having values as indicated.  It is assumed that the coma varies 
parabolically with distance from the optical axis. The constant k8 has been set to unity. 
 
Fig. 6. Coefficient k2 for the parabolic variation in mean sphere M along the horizontal and 
vertical visual field meridians, as derived from the mean data of Atchison et al. (2006) for 
different refractive groups. The fits are y = -0.000247x - 0.000494, adjusted R2 = 0.58, t = -
3.27, p = 0.02 (n = 8) for the horizontal data and y = -0.000062x – 0.001300, adjusted R2 = 
0.10, t = -0.84, p = 0.43 (n = 8) for the vertical data. Atchison et al. give more correct 
versions of the regression equations for the coefficients, based on the data points for 
individual subjects rather than group averages (see caption to their Fig. 4). These are y = -
0.000206x - 0.000270, adjusted R2 = 0.42, t = -8.43, p < 0.001 (n = 116) from the horizontal 
data and y = -0.000047x – 0.000694, adjusted R2 = -0.016, t = -0.59, p = 0.56 (n = 43) from 
the vertical data.  
 
Fig. 7. Coefficient k6 for the parabolic variation in J180 along the horizontal and vertical visual 
field meridians, as derived from the mean data of Atchison et al. (2006)  for different 
refractive groups. The fits are y = -0.000006x + 0.001678, adjusted R2 = 0.00, t = -0.09, p = 
0.93 (n = 8) for the horizontal data and y = -0.000067x + 0.002065, adjusted R2 = 0.07, t = -
1.27, p = 0.26 (n = 8) for the vertical data.  The following regressions for k6 can be deduced 
from Atchison et al.’s regression equations, based on individual rather than group subject 
data: y = +0.000046x +.001956, adjusted r2 = 0.056, t = 2.79, p = 0.006 (n = 116) from the 
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horizontal data, and y = -0.000040x + 0.002054, adjusted r2 = 0.056, t = -1.44, p = 0.16 (n = 
43) from the vertical data. 
 
Fig. 8. Mean position of the optical axis for 8 different refractive groups, as derived from the 
turning points for J180 in the horizontal and vertical visual field meridians (based on Atchison 
et al., 2006). 
 
Fig. 9. Field coordinates A and B of the optical axis as deduced from the mean values of the 
components of refraction across the horizontal meridian in different age groups. Based on 
data of Atchison and Markwell (2008). The fits are y = +0.2347x - 17.93, adjusted R2 = 0.55, 
t = 2.42, p = 0.93 (n = 5) for A based on the M component, y = +0.1260x – 11.74, adjusted R2 
= 0.83, t = -4.48, p = 0.02 (n = 5) for A based on the J180 component, and y = -0.0246x + 1.84, 
adjusted R2 = 0.00, t = -0.73, p = 0.52 (n = 5) for B based on the J45 and J180 components.  
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